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Relating domain shape to growth velocity anisotropy:
Inherent symmetry of the Wulff construction
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The Wulff construction relates the equilibrium shape of a crystal to its anisotropic surface tension profile,
and, in a formally equivalent way, relates the shape of an evolving domain to its anisotropic growth velocity
profile. We demonstrate explicitly the underlying complementarity and symmetry between these real space
shapes and their generating profiles. By exploiting this symmetry, we have developed a simplified method for
determining velocity profiles from the shapes of growing domains, demonstrated here for polarization reversal
domains in ferroelectric liquid crystalpS1063-651X97)12208-5

PACS numbg(s): 61.30.Cz, 77.80.Fm, 83.70.Jr, 81.10.Aj

Domains in condensed phases can exhibit remarkable irHomain wall normal tézco&ﬁ%+sin¢9. A basic prerequi-

terface stru_ctures With_characteristic morphplogies and COMite in analyzing such domains is developing useful relation-
plex evolutionary motio[1-9]. The modeling of domain ships between the velocity profite,(¢), the quantity most
shape requires the calculation of B {1)-dimensional in-  readily obtained from models, and the domain shape, the
terface profile in aD-dimensional space, and is typically a quantity most readily evaluated from experiment, described
complex nonlinear and nonlocal problem. The equations deby the anisotropic radius(#) measured from the nucleation
scribing moving domain boundaries are generally so complisite as a function of polar angie
cated that not only is analytic computation difficult, but even The connection between growing domain shape and an-
numerical solutions are limited to special cases. For thesisotropic velocity profile was first explored by Frank. Under
reasons much attention has been paid to seeking analyticdle assumption that the growth velocity depends only on the
methods effective for specific physical systems, such as thi@cal orientation of the interface, Frank showed that the do-
Waulff construction, a simple geometrical prescription for de-main shape can be obtained from the inverse velocity profile
termining the equilibrium shape of single crystals from their1/v,(n)n [16]. Since that time, the formal equivalence of the
anisotropic surface energy densjt0]. Wulff construction for equilibrium crystal shapes to Frank’s
An important class of domain formation problems relates"slowness vector” method has been realized, and a variety
to the reversal of magnetization in ferromagnets and of poof geometrical and mathematical methods for computing do-
larization in ferroelectric materials. Field-driven reversal ismain growth from velocity profile have been developed, in-
in general mediated by the formation of domains and theluding nine distinct approaches reviewed17-19 and the
motion of domain walls, processes that determine importanteferences therein.
device parameters such as hysteresis and switching time. A Previously, we simulated 2D domain growth in FLCs nu-
particularly interesting example of such domain-mediatednerically, comparing the computed shapes to those obtained
switching is found in electric field-induced polarization re- using a Wulff construction with 1D velocity profiles gener-
versal in surface stabilized ferroelectric liquid crystalsated from an FLC model systefi20,21]. Although aniso-
(SSFLC3 [11,17. The SSFLC domains have a remarkable,tropic domain shapes were obtained, the pointed bow-flat
highly anisotropic, characteristic “speedboat” shape
[13,14, as shown in Fig. 1. These domains, which nucleated|s
from impurity particles(indicated in one domain by an ar-
row), evidently grow only slowly to the left but rapidly to the
right, and are characterized by shape singularities in the formj
of sharp corners and almost flat sides. Despite such exotif
shapes, some aspects of the growth dynamics of SSFLC pc
larization reversal domains are quite simple: at a fixed value
of all but the weakest applied fields, the domains grow from
their nucleation site at a constant rate and in a self-similar
way, i.e., their shape remains the same and their linear di
mensions increase in time at a constant fafgd. We refer to
s o U o, . 1. Potsion domsis nan SSFLC cal. The dama
fions of CRSSG, the two-dimensioné2D) domain shape nucleate from impuritiegindicated in one domain by an arrpan

i . ; . grow self-similarly, with a characteristic “speedboat” shape. The
and growth rate are entirely determined by the anisotropi ellis 4 pm thick and contains the Merck ferroelectric liquid crys-

local domain wall velocity;n(ﬁ,E)ﬁ, which is equivalent to  tal mixture ZLI-3654 =60 mV/um, T=50 °C). The horizontal
the velocity, in an electric fielé, of an infinite planaf1D) dimension is about 30Qum.
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the unit vectors respectively normal and tangent to the sur-
face, we obtain the following basic equations, showing that

Y r(0) andy(¢) are transform pairs:
v(®) 1 / [ dzy(qﬁ)}
=5~ + 342 | Sa)
domain [or crystal] “ R P 52 dd’z (

shape

1
K.y:F
X d?
=(1/p)/ [r(ﬁ)co§(¢— 0)+d—ﬁz[r(0)co§(¢— 0)]],
FIG. 2. Geometry of domain shager Wulff construction cal-
culations. The curved domain boundary advances with velagity (3b)
the normal and transverse components of the radius ve¢tr
being given respectively by, and L,. L, is proportional to diinr(6)] diny(¢)]
vn() for constant-rate self-similar domain growfibr to () in o d¢ —tan(¢—0), (39

equilibrium crystal§
where p may be thought of as a surface pressure, and

stern anisotropy characteristic of speedboats was not foungg=2¢— 4.
This led us to explore means of extracting the velocity pro- The complementarity of the Wulff construction and its
file directly from the boat shape, and thus to the methodnverse was recognized by Herrif@2] and by Andreev
described here. [23], who pointed out that the free energy and the crystal

In this paper we present a simple and elegant derivation ohape are related by a Legendre transformatiee the re-
the relationship between real space shapes and their genergfew by Wortis[24]). The explicit form of Eq.(3c) of our
ing profiles that makes explicit the inherent symmetry in thederivation, is however, new: it exhibits the underlying sym-
shape-to-profile transformations and their inverses, and deninetry between (6) and y(#) and enables the mathematical
onstrates the complementary nature of these two represent@ansformation between these two complementary represen-
tions. The formalism is applied to the determination of ve-tations. The respective radii of curvatuR¢6) of the crystal
locity growth profiles from the shapes of polarization and I'(¢) of the surface tension profile are given by the
switching domains undergoing CRSSG in SSFLC cells. Weyeneral formulas:
structural features of domains such as facets and cusps. _ E:(% ﬂ_ ﬁ ﬂ) (%)Z (ﬂ)z ¥

The Wulff construction is an appealingly straightforward “~ R~ | d¢ dé? d¢2 dé do do ’
crystal from its(generally anisotropiclocal surface energy
densityy(n), wheren is the local normal to the crystal sur-

also establish conditions af,(n) that lead to characteristic
geometrical method for obtaining the equilibrium shape of a (43

1
K. o=—
face. In the 2D case of interest here, the crystal shi@pe ' r

corresponds geometrically to the region in real space that lies 2 2 2 21312
within the set of dashed linesee Fig. 2 drawn through - %d_yg_d_g%) / [(%) +(%) } ,
each point of the curve ,(¢)=y(¢) such that each line is d¢ d¢° de¢” do d¢ d¢

normal to the radial vectdr,($)n [22]. The resulting shape (4b)
is that which minimizes the net surface enefgyof a 2D ) .
crystal domain with fixed area, written as where the §urfacAe tenAsmn has been expressed in component
form, y(@)n=y, X+ yyy.
In the model for CRSSG domain growth, the domain
F= é y(¢)ds— pf dA. 1) boundary is represented by a closed curve in 2D specified by
r(t)=x(t)x+y(t)y, as shown schematically in Fig. 2. For
Here y(¢) is the surface tension, which is only dependent onCRSSG, equations analogous to E(®.relate the velocity
the normal angle¢, ds is an infinitesimal element of profile v,(¢) to the domain shape at long timéshen the
arclength along the boundary, apds a Lagrange multiplier. domain has become much larger than its starting)size
Using differential geometry, we can recast this in the form

dzvn(¢)
1 k=g =(11) vn(¢)+T¢2_ : (53
F:j [27y(a) k—(p/2)r XT ]de, (2
0
1 E il E

where the parameter a=g¢/27. The curvature <0~V r(g)co (¢—0)+d—ﬁ2[r(0)co (=0,
K=ToXT 00l (ra-r,)%, with r,=dr/de, and the area (5b)
A=(1/2)frXr, da. The crystal shape is found by minimiz-
ing F with respect tar(6). After applying the Frenet-Serret diinr(6)] _dlinva(¢)]

=—tan(¢—6). (50

equations §t/9s= — kn and dn/ds= «t, wheret andn are de d¢
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FIG. 3. Analysis of SSFLC domain growtlia) Steady-state 1ol B -4 7
“speedboat” domain in the same cell as Fig. 1 with -6 —

E=25 mV/um. The dotted line corresponds to the experimental '1?5240.1'.5 -1|.o -o|45 (IJ o.|5 1.0 -1o-|s -Ie 4 -2 c|> é zlt
domain boundary, while the solid curve is a fit using polynomials. Vix X

(b) Variation of polar angled with surface normal angle for the

domain in(a). (c) Normal velocity profilev,(¢) as a function of
normal angle¢ for the domain in(a). (d) Predicted growth of an
initially circular domain at different timesAt=10 mg using the
velocity profile shown in(c). >é

(C) 1.5F 1 T T T T T T T T T

The velocity profile curvaturex, , is also given by an ex-
pression analogous to E@ib).

In the CRSSG limit, which is reached very quickly in '1'5__0'_5 ('J 0'_5 1'.0 1f5 2{0 '5 (', ; 1(')
FLC cells, the geometric properties of the shape, which may Vix X
include facets and cusps, are determined only by the normal ) ] o ]
velocity profile, v,(¢). Previous analysefl7,20,21 have FIG. 4. Evolution of domain shape with time for different ve-

shown that for growth under conditions of constant domai®C!y Profilesva(#) =ao+a;cosp +a,cosap. The velocity profiles
wall velocity v,(¢), starting from a domain of initial shape are shown on the left, and the domain shapes, at unit time intervals,

. Y Un ’ 0, A 9 0, nn b on the right. The initial domain shape is in each case a unit circle.
ro(6), with ro(8)=L,(6)n+L;(6)t using the geometry of

) i Yt (& ap=1, a,=0.7, anda,=0. Changing the sign o, results in
Fig. 2, the evolution of the boundary is given by growth that is faster alongx. This form ofv,(¢) does not pro-

duce cusps(b) a;=—0.7,a,=—0.2; (c) a;,=0.7,a,=0.5. Cusps

dvn(e) _ only develop in(c).
x=[on(@)t+Ly()Icosp—| ==t L{($) |sing,
(6a)  translating in its normal direction a distaneg(¢)t and
transversely a distanag(¢)t during the intervat.
dv () The basic motivation for this work is to develop methods

y=[vn(P)t+LI($)Ising+

o t+L{(¢) [cosp, for extracting the velocity profile,(¢) from the domain
(6b) shaper (), since it isv,(¢) that is most readily obtained
from microscopic or hydrodynamic models of the dynamics
where the tangential velocity component=duv ,/d¢. of thg switching medium. The procedure follqwed here is to
The formal analogy between equilibrium crystal shape€XPloit the symmetry betweer(6) andv,(¢) in Egs.(5),
and CRSSG domain shape is completed by noting that th@PPIying Eq.(5c) twice, first to obtaing(¢) fromr(6), and
functional analog toF in Eq. (1) is the power dissipation (hen {0 used(¢) to calculatev,(4). In the experiment, po-
D accompanying domain motion larization reversal' domains §uch as tho;e in Fig. 1 are video
recorded and their boundaries found via digital image pro-
, cessing, resulting in data of the kind shown in Figg)3The
D(t)zszJ v,(n)ds— p_f dA, (7y  boundary is divided into three distinct curved segments, each
t? of which is then fitted to a polynomial of the minimal order
necessary to give a good representationthis case second
where 2P is the net polarization per unit area switched byorder for the stern and fifth order for the sigleBhe result is
passage of the domain wall, apd is a Lagrange multiplier. an analytical domain shape sufficiently smooth to extract
The analogy, which illustrates that the domain shape adopted(6), which is calculated by numerical integration with the
is that which minimizesD, also aids in picturing qualita- result shown in Fig. @). The corners, wherep jumps
tively the origin of the domain shape arising from the Wulff through large angles with little change # cannot be re-
construction. This is seen in Fig. 2 to be the shape that resolved in the experiments, and g&() is simply linearly
sults if each surface element maintains its orientation whilénterpolated between the limiting values of wall orientation
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as the corner is approached from opposite directions. Finally, cogp=1/2+(1/6)ay/a,, 9

0( ) is inserted in Eq(5b), which can then be numerically

integrated to obtain(¢), shown in Fig. &). Here the solid

regions ofv,(¢) determine the evolution of the curved fac- independent of the coefficieat;. This expression implicitly
ets while the dashed regions correspond to the corners armtéfines the location of a pair of singularitig€g§double

are nonphysical. This procedure can be inverted by employpoints”) at which the domain boundary will be cusped. In all
ing Egs.(6a) and(6b) with v,,(¢) from Fig. 3c). This yields  of these cases, is positive, or the domain would collapse,
the experimental shape at arbitrary times, as shown in Fignvhile a; and a, can have either sign. Equatid®) has a
3(d) where the growth was started from a small circular do-solution only ifay/a, is in the range-3<a,/a,<3. Out-
main. The main result of this analysis is the physiaallid)  side this range, the singular points disappear. Numerical cal-
portions ofv,(¢#) in Figure 3c), which are available for culations confirm that the occurrence of the singular points is
comparison with the results of possible models. independent of the coefficienta;. If we choose

The characteristic flattened stern and pointed bows of they/a,= —5, we see from Fig. @) that the domain does not
SSFLC domains provide motivation to explore analyticallydevelop any cusps, whereas in Figby whereay/a,=2,
the conditions under which facets and cusps appear in thafter a certain time two cusps appear along xhaxis as
domain shape. If we consider E%a), we see that an isotro- expected. The positions of the cusps depend on the sign of
pic v,(¢), for which d?v,(#)/d$?=0, generates circular a,. For example, ifa,<0 then the cusps are located along
domains. Ifv,(¢) is made anisotropic, thed?v,(¢)/d¢p?  the y axis. Note that in cases where there are cusps, the
becomes an oscillatory function @f andr (6) is modulated. function ¢(6) is discontinuous and,(¢) is not physically
Cuspsl 0 regions whereR(6)— 0] will form near ¢ values  relevant over the jumps i [i.e., over the range specified by
satisfying Eq. (8)]. Similar stability analyses for comparably simple

) ) model surface tension profiles also appear in the literature
vn($)+dvn(¢)/dp"<0 @)  (see, for exampld17]).

In summary, we have developed a Wulff construction for-
malism for determining the evolution of two-dimensional do-
mains based on their steady-state normal velocity profiles.
The analysis highlights the complementarity of the real space
Gomain shapes and their generating profiles, for both equi-

Case(1): v,( ) =ag-+a,cosp. Adding a single harmonic librium crystals and growing domains. Our technique, in

leaves the circular domain shape unchanged, but causes tﬁommon with other Wulff velocity methods, yields such
: un snap: ged, but c steeady—state features as facets and cusps, but avoids the dis-
center of the circle to shift with time, as shown in Figa$

Cusps never occur in this case. An analogous result w advantages and complexity of many of the earlier published

found by Rudnick[4], who confirmed that this form of the %rocedures.
surface tension produces no anisotropy in the shapes of do- We wish to thank N. Lallemand and F. Durringer for their

if the anisotropy ofv,(¢#) is large enough for this to occur.
In order to explore the appearance of cusps, we express
anisotropicv,(¢) as a Fourier series, (@)= 2 ,,amCoIM¢.
The cases of nonzero first and second harmonics are pr
sented explicitly as follows:

Q).
-’

mains in Langmuir films. help in obtaining images of speedboats. This work was sup-
Case (2): vy(¢)=ag+ajcosp+a,cos2p. Substituting ported by NSF Grants No. EEC 90-15128 and No. DMR
this normal velocity into Eq(8) yields 92-24168, and by ARO Contract No. DAA H04-93-G0164.
[1] J. S. Langer, Rev. Mod. Phys2, 1 (1980. [13] M. A. Handschy and N. A. Clark, Appl. Phys. Le#tl, 39
[2]J. S. Langer, inChance and MatterLes Houches Sessions (1982.
XLVI, edited J. Souletieet al. (Elsevier, New York, 1987 [14] Y. Ouchi, H. Takezoe, and A. Fukuda, Jpn. J. Appl. Pi28§
[3] M. Seul and D. Andelmann, Scien@67, 476 (1995. _1_(1987); Y. Ouchi, H. T?kano, H. T_akezoe, and A. Fukuda,
[4] J. Rudnick and R. Bruinsma, Phys. Rev. Lefd, 2491 ibid. 27,_1_ (1988; N. Hiji, Y. Ouchi, H. Takezoe, and A.
(1995, Fukuda,ibid. 27, L1 (1988.

[15] J. Z. Xue and N. A. Clark, Phys. Rev. 48, 2043(1993.
[16] F. C. Frank, inGrowth and Perfection in Crystalgdited by R.
H. Doremus, B. W. Roberts, and D. Turnb@Wiley, New

[5] S. Riviere and J. Meunier, Phys. Rev. Létt, 2495(1995.
[6] J. B. Fournier, Phys. Rev. Leff5, 854 (1995.

[7]1 P. Galatola and J. B. Fournier, Phys. Rev. L&, 3297 York, 1958, pp. 411-419; F. C. Frank, Z. Phys. Chem.
(1995. (Leipzig) 77, 84 (1972.
[8] R. C. Brower, D. A. Kessler, J. Koplik, and H. Levine, Phys. [17] J. W. Cahn and W. C. Carter, Metall. Trans. 2¥, 1431
Rev. A 29, 1335(1984. (1996.
[9] T. M. Fischer, R. F. Bruinsma, and C. M. Knobler, Phys. Rev.[1g] J. E. Taylor, J. W. Cahn, and C. A. Handwerker, Acta Metall.
E 50, 413(1995. Mater. 40, 1443(1992.
[10] G. Wulff, Z. Kristallogr. 34, 449 (1901). [19] W. C. Carter and C. A. Handwerker, Acta Metall. Matét,
[11] N. A. Clark and S. T. Lagerwall, Appl. Phys. Le®6, 899 1633(1993.
(1980. [20] J. E. Maclennan, Q. Jiang, and N. A. Clark, Phys. Re®2E

[12] M. A. Handschy and N. A. Clark, Ferroelectrig9, 69 (1984). 3904 (1995.



56 RELATING DOMAIN SHAPE TO GROWTH VELOCITY ... 1837

[21] Q. Jiang, J. E. Maclennan, and N. A. Clark, Phys. Re®3E [23] A. F. Andreev, Zh.'IEsp. Teor. Fiz.80, 2042 (1981 [Sov.

6074 (1996. Phys. JETP53, 1063(1981)].
[22] C. Herring, Phys. Rew2, 87 (195)); C. Herring, inStructure  [24] M. Wortis, in Chemistry and Physics of Solid Surfaces, VI
and Properties of Solid Surfacesdited by R. Gomer and C. edited by R. Vanselow and R. F. How8pringer-Verlag, Ber-

Smith (University of Chicago Press, Chicago, 1953 lin, 1988.



