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Relating domain shape to growth velocity anisotropy:
Inherent symmetry of the Wulff construction

Qi Jiang, Joseph E. Maclennan, and Noel A. Clark
Condensed Matter Laboratory, Department of Physics, University of Colorado, Boulder, Colorado 80309

~Received 22 October 1996!

The Wulff construction relates the equilibrium shape of a crystal to its anisotropic surface tension profile,
and, in a formally equivalent way, relates the shape of an evolving domain to its anisotropic growth velocity
profile. We demonstrate explicitly the underlying complementarity and symmetry between these real space
shapes and their generating profiles. By exploiting this symmetry, we have developed a simplified method for
determining velocity profiles from the shapes of growing domains, demonstrated here for polarization reversal
domains in ferroelectric liquid crystals.@S1063-651X~97!12208-5#

PACS number~s!: 61.30.Cz, 77.80.Fm, 83.70.Jr, 81.10.Aj
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Domains in condensed phases can exhibit remarkable
terface structures with characteristic morphologies and c
plex evolutionary motion@1–9#. The modeling of domain
shape requires the calculation of a (D21)-dimensional in-
terface profile in aD-dimensional space, and is typically
complex nonlinear and nonlocal problem. The equations
scribing moving domain boundaries are generally so com
cated that not only is analytic computation difficult, but ev
numerical solutions are limited to special cases. For th
reasons much attention has been paid to seeking analy
methods effective for specific physical systems, such as
Wulff construction, a simple geometrical prescription for d
termining the equilibrium shape of single crystals from th
anisotropic surface energy density@10#.

An important class of domain formation problems rela
to the reversal of magnetization in ferromagnets and of
larization in ferroelectric materials. Field-driven reversal
in general mediated by the formation of domains and
motion of domain walls, processes that determine impor
device parameters such as hysteresis and switching tim
particularly interesting example of such domain-media
switching is found in electric field-induced polarization r
versal in surface stabilized ferroelectric liquid crysta
~SSFLCs! @11,12#. The SSFLC domains have a remarkab
highly anisotropic, characteristic ‘‘speedboat’’ sha
@13,14#, as shown in Fig. 1. These domains, which nuclea
from impurity particles~indicated in one domain by an a
row!, evidently grow only slowly to the left but rapidly to th
right, and are characterized by shape singularities in the f
of sharp corners and almost flat sides. Despite such ex
shapes, some aspects of the growth dynamics of SSFLC
larization reversal domains are quite simple: at a fixed va
of all but the weakest applied fields, the domains grow fr
their nucleation site at a constant rate and in a self-sim
way, i.e., their shape remains the same and their linear
mensions increase in time at a constant rate@15#. We refer to
this as constant-rate self-similar growth~CRSSG!, and the
discussion in this paper is limited to this case. Under con
tions of CRSSG, the two-dimensional~2D! domain shape
and growth rate are entirely determined by the anisotro
local domain wall velocityvn(n̂,E)n̂, which is equivalent to
the velocity, in an electric fieldE, of an infinite planar~1D!
561063-651X/97/56~2!/1833~5!/$10.00
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domain wall normal ton̂5cosfx̂1sinfŷ. A basic prerequi-
site in analyzing such domains is developing useful relati
ships between the velocity profilevn(f), the quantity most
readily obtained from models, and the domain shape,
quantity most readily evaluated from experiment, describ
by the anisotropic radiusr (u) measured from the nucleatio
site as a function of polar angleu.

The connection between growing domain shape and
isotropic velocity profile was first explored by Frank. Und
the assumption that the growth velocity depends only on
local orientation of the interface, Frank showed that the
main shape can be obtained from the inverse velocity pro
1/vn(n̂)n̂ @16#. Since that time, the formal equivalence of th
Wulff construction for equilibrium crystal shapes to Frank
‘‘slowness vector’’ method has been realized, and a vari
of geometrical and mathematical methods for computing
main growth from velocity profile have been developed,
cluding nine distinct approaches reviewed in@17–19# and the
references therein.

Previously, we simulated 2D domain growth in FLCs n
merically, comparing the computed shapes to those obta
using a Wulff construction with 1D velocity profiles gene
ated from an FLC model system@20,21#. Although aniso-
tropic domain shapes were obtained, the pointed bow-

FIG. 1. Polarization domains in an SSFLC cell. The doma
nucleate from impurities~indicated in one domain by an arrow! and
grow self-similarly, with a characteristic ‘‘speedboat’’ shape. T
cell is 4 mm thick and contains the Merck ferroelectric liquid cry
tal mixture ZLI-3654 (E560 mV/mm, T550 °C!. The horizontal
dimension is about 300mm.
1833 © 1997 The American Physical Society
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stern anisotropy characteristic of speedboats was not fo
This led us to explore means of extracting the velocity p
file directly from the boat shape, and thus to the meth
described here.

In this paper we present a simple and elegant derivatio
the relationship between real space shapes and their gen
ing profiles that makes explicit the inherent symmetry in
shape-to-profile transformations and their inverses, and d
onstrates the complementary nature of these two repres
tions. The formalism is applied to the determination of v
locity growth profiles from the shapes of polarizatio
switching domains undergoing CRSSG in SSFLC cells.
also establish conditions ofvn(n̂) that lead to characteristi
structural features of domains such as facets and cusps

The Wulff construction is an appealingly straightforwa
geometrical method for obtaining the equilibrium shape o
crystal from its~generally anisotropic! local surface energy
densityg(n̂), wheren̂ is the local normal to the crystal su
face. In the 2D case of interest here, the crystal shaper (u)
corresponds geometrically to the region in real space that
within the set of dashed lines~see Fig. 2! drawn through
each point of the curveLn(f)}g(f) such that each line is
normal to the radial vectorLn(f)n̂ @22#. The resulting shape
is that which minimizes the net surface energyF of a 2D
crystal domain with fixed area, written as

F5 R g~f!ds2pE dA. ~1!

Hereg(f) is the surface tension, which is only dependent
the normal anglef, ds is an infinitesimal element o
arclength along the boundary, andp is a Lagrange multiplier.
Using differential geometry, we can recast this in the for

F5E
0

1

@2pg~a!/k2~p/2!r3ra#da, ~2!

where the parameter a5f/2p. The curvature
k5ra3raa /A(ra•ra)3, with ra5dr /da, and the area
A5(1/2)*r3ra da. The crystal shape is found by minimiz
ing F with respect tor (u). After applying the Frenet-Serre
equations (]t/]s52kn and ]n/]s5kt, wheret and n are

FIG. 2. Geometry of domain shape~or Wulff construction! cal-
culations. The curved domain boundary advances with velocitv,
the normal and transverse components of the radius vectorr (u)
being given respectively byLn and Lt . Ln is proportional to
vn(f) for constant-rate self-similar domain growth@or to g(f) in
equilibrium crystals#.
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the unit vectors respectively normal and tangent to the s
face!, we obtain the following basic equations, showing th
r (u) andg(f) are transform pairs:

k5
1

R
5pY Fg~f!1

d2g~f!

df2 G , ~3a!

kg5
1

G

5~1/p!Y H r ~u!cos2~f2u!1
d2

db2 @r ~u!cos2~f2u!#J ,

~3b!

d@ ln r ~u!#

du
5

d@ lng~f!#

df
52tan~f2u!, ~3c!

where p may be thought of as a surface pressure, a
b52f2u.

The complementarity of the Wulff construction and i
inverse was recognized by Herring@22# and by Andreev
@23#, who pointed out that the free energy and the crys
shape are related by a Legendre transformation~see the re-
view by Wortis @24#!. The explicit form of Eq.~3c! of our
derivation, is however, new: it exhibits the underlying sym
metry betweenr (u) andg(f) and enables the mathematic
transformation between these two complementary repre
tations. The respective radii of curvatureR(u) of the crystal
and G(f) of the surface tension profile are given by th
general formulas:

k5
1

R
5S dx

df

d2y

df2 2
d2x

df2

dy

df D Y F S dx

df D 2

1S dy

df D 2G3/2

,

~4a!

kg5
1

G

5S dgx

df

d2gy

df2 2
d2gx

df2

dgy

df D Y F S dgx

df D 2

1S dgy

df D 2G3/2

,

~4b!

where the surface tension has been expressed in compo
form, g(f)n̂5gxx̂1gyŷ.

In the model for CRSSG domain growth, the doma
boundary is represented by a closed curve in 2D specified
r (t)5x(t) x̂1y(t) ŷ, as shown schematically in Fig. 2. Fo
CRSSG, equations analogous to Eqs.~3! relate the velocity
profile vn(f) to the domain shape at long times~when the
domain has become much larger than its starting size!:

k5
1

R
5~1/t !Y Fvn~f!1

d2vn~f!

df2 G , ~5a!

kv5
1

V
5tY H r ~u!cos2~f2u!1

d2

db2 @r ~u!cos2~f2u!#J ,

~5b!

d@ ln r ~u!#

du
5

d@ ln vn~f!#

df
52tan~f2u!. ~5c!
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The velocity profile curvature,kv , is also given by an ex-
pression analogous to Eq.~4b!.

In the CRSSG limit, which is reached very quickly
FLC cells, the geometric properties of the shape, which m
include facets and cusps, are determined only by the nor
velocity profile, vn(f). Previous analyses@17,20,21# have
shown that for growth under conditions of constant dom
wall velocity vn(f), starting from a domain of initial shap
r 0(u), with r 0(u)5Ln

0(u)n̂1Lt
0(u) t̂ using the geometry o

Fig. 2, the evolution of the boundary is given by

x5@vn~f!t1Ln
0~f!#cosf2Fdvn~f!

df
t1Lt

0~f!Gsinf,

~6a!

y5@vn~f!t1Ln
0~f!#sinf1Fdvn~f!

df
t1Lt

0~f!Gcosf,

~6b!

where the tangential velocity componentv t5dvn /df.
The formal analogy between equilibrium crystal shap

and CRSSG domain shape is completed by noting that
functional analog toF in Eq. ~1! is the power dissipation
D accompanying domain motion

D~ t !52PEE vn~ n̂!ds2
p8

t2 E dA, ~7!

where 2P is the net polarization per unit area switched
passage of the domain wall, andp8 is a Lagrange multiplier.
The analogy, which illustrates that the domain shape ado
is that which minimizesD, also aids in picturing qualita
tively the origin of the domain shape arising from the Wu
construction. This is seen in Fig. 2 to be the shape that
sults if each surface element maintains its orientation w

FIG. 3. Analysis of SSFLC domain growth.~a! Steady-state
‘‘speedboat’’ domain in the same cell as Fig. 1 wi
E525 mV/mm. The dotted line corresponds to the experimen
domain boundary, while the solid curve is a fit using polynomia
~b! Variation of polar angleu with surface normal anglef for the
domain in ~a!. ~c! Normal velocity profilevn(f) as a function of
normal anglef for the domain in~a!. ~d! Predicted growth of an
initially circular domain at different times (Dt510 ms! using the
velocity profile shown in~c!.
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translating in its normal direction a distancevn(f)t and
transversely a distancev t(f)t during the intervalt.

The basic motivation for this work is to develop metho
for extracting the velocity profilevn(f) from the domain
shaper (u), since it isvn(f) that is most readily obtained
from microscopic or hydrodynamic models of the dynam
of the switching medium. The procedure followed here is
exploit the symmetry betweenr (u) and vn(f) in Eqs. ~5!,
applying Eq.~5c! twice, first to obtainf(u) from r (u), and
then to useu(f) to calculatevn(f). In the experiment, po-
larization reversal domains such as those in Fig. 1 are vi
recorded and their boundaries found via digital image p
cessing, resulting in data of the kind shown in Fig. 3~a!. The
boundary is divided into three distinct curved segments, e
of which is then fitted to a polynomial of the minimal orde
necessary to give a good representation~in this case second
order for the stern and fifth order for the sides!. The result is
an analytical domain shape sufficiently smooth to extr
f(u), which is calculated by numerical integration with th
result shown in Fig. 3~b!. The corners, wheref jumps
through large angles with little change inu, cannot be re-
solved in the experiments, and sof(u) is simply linearly
interpolated between the limiting values of wall orientati

l
.

FIG. 4. Evolution of domain shape with time for different ve
locity profilesvn(f)5a01a1cosf1a2cos2f. The velocity profiles
are shown on the left, and the domain shapes, at unit time interv
on the right. The initial domain shape is in each case a unit cir
~a! a051, a150.7, anda250. Changing the sign ofa1 results in
growth that is faster along2x. This form of vn(f) does not pro-
duce cusps.~b! a1520.7, a2520.2; ~c! a150.7, a250.5. Cusps
only develop in~c!.
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as the corner is approached from opposite directions. Fin
u(f) is inserted in Eq.~5b!, which can then be numericall
integrated to obtainvn(f), shown in Fig. 3~c!. Here the solid
regions ofvn(f) determine the evolution of the curved fa
ets while the dashed regions correspond to the corners
are nonphysical. This procedure can be inverted by emp
ing Eqs.~6a! and~6b! with vn(f) from Fig. 3~c!. This yields
the experimental shape at arbitrary times, as shown in
3~d! where the growth was started from a small circular d
main. The main result of this analysis is the physical~solid!
portions of vn(f) in Figure 3~c!, which are available for
comparison with the results of possible models.

The characteristic flattened stern and pointed bows of
SSFLC domains provide motivation to explore analytica
the conditions under which facets and cusps appear in
domain shape. If we consider Eq.~5a!, we see that an isotro
pic vn(f), for which d2vn(f)/df250, generates circula
domains. Ifvn(f) is made anisotropic, thend2vn(f)/df2

becomes an oscillatory function off andr (u) is modulated.
Cusps@u regions whereR(u)→0] will form near f values
satisfying

vn~f!1d2vn~f!/df2<0 ~8!

if the anisotropy ofvn(f) is large enough for this to occur
In order to explore the appearance of cusps, we expres
anisotropicvn(f) as a Fourier seriesvn(f)5(mamcosmf.
The cases of nonzero first and second harmonics are
sented explicitly as follows:

Case~1!: vn(f)5a01a1cosf. Adding a single harmonic
leaves the circular domain shape unchanged, but cause
center of the circle to shift with time, as shown in Fig. 4~a!.
Cusps never occur in this case. An analogous result
found by Rudnick@4#, who confirmed that this form of the
surface tension produces no anisotropy in the shapes o
mains in Langmuir films.

Case ~2!: vn(f)5a01a1cosf1a2cos2f. Substituting
this normal velocity into Eq.~8! yields
s
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cos2f>1/21~1/6!a0 /a2 , ~9!

independent of the coefficienta1. This expression implicitly
defines the location of a pair of singularities~‘‘double
points’’! at which the domain boundary will be cusped. In a
of these cases,a0 is positive, or the domain would collapse
while a1 and a2 can have either sign. Equation~9! has a
solution only if a0 /a2 is in the range23<a0 /a2<3. Out-
side this range, the singular points disappear. Numerical
culations confirm that the occurrence of the singular point
independent of the coefficienta1. If we choose
a0 /a2525, we see from Fig. 4~a! that the domain does no
develop any cusps, whereas in Fig. 4~b!, wherea0 /a252,
after a certain time two cusps appear along thex axis as
expected. The positions of the cusps depend on the sig
a2. For example, ifa2,0 then the cusps are located alon
the y axis. Note that in cases where there are cusps,
function f(u) is discontinuous andvn(f) is not physically
relevant over the jumps inf @i.e., over the range specified b
Eq. ~8!#. Similar stability analyses for comparably simp
model surface tension profiles also appear in the litera
~see, for example,@17#!.

In summary, we have developed a Wulff construction fo
malism for determining the evolution of two-dimensional d
mains based on their steady-state normal velocity profi
The analysis highlights the complementarity of the real sp
domain shapes and their generating profiles, for both e
librium crystals and growing domains. Our technique,
common with other Wulff velocity methods, yields suc
steady-state features as facets and cusps, but avoids the
advantages and complexity of many of the earlier publish
procedures.
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ported by NSF Grants No. EEC 90-15128 and No. DM
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